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1. Introduction
There have been a series of four recent papers that showed
related solutions of the Navier–Stokes equation [1,2,3,4]. The first
[1] was an existence proof of solutions in 3D. The second one [2]
was a simplification of Muriel [1] to 2D with field velocities
wrapped around a globe, producing flows symmetric about the
equator. The third one [3] uses spherical symmetry to produce
an analytic model of implosion toward the possibility of controlled
nuclear fusion. The first three papers assumed an initially uniform
system with delta-function momentum distributions. The fourth
paper [4] is valid for an initial spatially uniform system and arbi-
trary initial momentum distribution. This paper generalizes the
development for initial arbitrary space and momentum distribu-
tions, producing the most general approach to date.
We follow definitions and conventions in Muriel and Dresden
[5] but review them for clarity and consistency with previous
results.
Let f ðr; p; tÞ be the single-particle distribution function of a
many-body system as in kinetic theory. It represents the probabil-
ity that a particle in location r possesses the momentum p at time t.
We use the phase space variables r; p in keeping with kinetic the-
ory. Later, we will replace the momentum divided by the particle
mass m with velocity to conform to the Navier–Stokes notation.
The following time evolution equation for the single-particle distri-
bution was derived in Muriel and Dresden [5]:f ðr;p; tÞ ¼ f r ptm :p;0
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where f 2ðr; r0;p;0Þ is the mixed probability that two particles are in
r; r0 and the first particle has momentum p at time t ¼ 0.
f 2ðr; r0;p;p0; 0Þ is the mixed probability that two particles at r; r0 each
possess momentum p;p0 at time t ¼ 0. f 3ðr; r0; r00;p;0Þ is the mixed
probability that particles are located at r; r0; r00 where the first parti-
cle has momentum p at time t ¼ 0. These mixed probabilities come
from the original formulation of the many-body problem from the
Liouville equation. The mixed probability distributions, represent-
ing particle correlations at t ¼ 0 will be simplified to uncorrelated
functions represented by simple products. We use the operator
Lo ¼ pm @@r. no is the average particle density. Vðr  r00Þ is the pair-
potential of two particles located at r; r00. The existence of this
pair-potential distinguishes this approach from the usual contin-
uum model.
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by parts, the contribution of the last term is zero, effectively trun-
cating the series to a finite number of terms due to the vanishing of
the momentum distribution at the boundary of the momentum
space.
Using factored initial distributions, that is, f 2ðr; r0Þ ¼ f 1ðrÞf 1ðr0Þ,
etc., we rewrite Eq. (1) as
f ðr;p; tÞ ¼ f r ptm ;0
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In Eq. (2), the symbols r ¼ ðx; y; zÞ;p ¼ ðpx;py;pzÞ are standard. In
Cartesian component form, use summation over repeated indices,
2. Reduction procedure
We rewrite the individual terms of Eq. (2) in explicit Cartesian
dot products, useful for evaluating future applications.
In simplifying the expressions of Eq. (2), we use the following
properties:
(a) @Vðrr
0 Þ
@r ¼  @Vðrr
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@r0 , Newton’s Third Law of action and reaction;
(b) integration by parts over r0; and
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a boundary condition we use for the first time. Because of (c) we
have departed from the space integrals over a cube of the earlier
papers. Property (c) is applicable to most geometries.
We analyze each of the terms in Eq. (2):
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Second term
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where we now suppress the t ¼ 0 qualification for all initial data
henceforth.
Fifth term
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In [1–4], for an initially uniform system, only the zeroth term and
the fifth term are non-zero. Here, the most general initial data acti-
vates the first, second, third and fourth term of Eq. (2)
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putation, to which purists object, the main feature of references
[1–4].
3. An example
The main purpose of this work is to provide a prescription on
how to generate new solutions of the Navier–Stokes equation with
arbitrary initial space and momentum distribution. Thus, we stop
short of applications, a potential major activity for the future. Nev-
ertheless, we outline our approach by picking a simple example.
We invite the reader to complete the following exercise – still quite
long – but illustrative. Suppose
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to give the time evolution equations as in Muriel [4]
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As a reminder, the Navier–Stokes equations for this system are:
@Px
@x
¼ nur2vx  v  rvx  @vx
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@t
ð23Þ
where nu is the viscosity. The pressure P is a tensor. Px is the force
on a unit area perpendicular to the x-direction.
As shown in Muriel [1–4], the right hand side of Eqs. (21)–(23)
are all calculable, the gradient of the pressure may be evaluated,
hence the pressure terms by integration. The self-consistent set
of pressure and field velocities constitute an exact solution of the
Navier–Stokes equation. Eq. (20) recovers all the results published
to date in Muriel [1–3].
Following [4], we find that the solution of the Navier–Stokes
equation is a subset of time-evolution equations shown above in
Eq. (20). The choice of the pair-potential is important.
To illustrate further the example, we invite the reader to evalu-
ate all expressions with the following familiar choice of pair-
potential
Vðr  r0Þ ¼ geaððxx0 Þ2þðyy0Þ2þðzz0 Þ2Þ ð24Þ
and the initial data for the spatial distribution
f ðxÞ ¼ HeavisideðL xÞ þ HeavisideðLþ xÞ ð25Þ
integrated over infinite space. The initial data for uðpÞ may be put
last to complete the momentum integrations.
As mentioned in Muriel [1], one can calculate the pressure two
ways, by the Navier–Stokes equation, or by the three bottom
elements of Eq. (20). The latter is more accurate, as explained in
Muriel [1], which we repeat: the Navier–Stokes equation is a con-
tinuum approximation while Eq. (20) comes from fundamental
kinetic theory of mono-atomic particles, reducing to the contin-
uum model of fluids in the appropriate limit.
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[1,2,3], one can verify the following assertions: the field velocities
and pressure are smooth and regular, the kinetic energies in the
three axes are finite, and there is no blow up in time. On the ques-
tion of blow up there is a previous work that shows that blow up
exists for an averaged Navier–Stokes equation, but not for the clas-
sic equation itself [8].
We repeat the observation that for every choice of pair-
potential, there is a unique solution for the hydrodynamic
variables. But the general nature of the solutions is not sensitively
dependent on the choice of the pair-potential, although it simpli-
fies matters if the expressions containing the pair potential are
evaluated in closed form. So far, there have been no pathologic
solutions that can invite a description as turbulent [9]. We raise
once again the proposal that turbulence cannot be explained from
existing, and possibly even other future exact solutions of the
Navier–Stokes equations. We must look elsewhere for turbulent
solutions [6,7].
4. Further remarks and future program
Now for three remarks.
(1) A very large part of the literature in kinetic theory attempts
to find exact or approximate solutions of the Boltzmann
transport equation. Mathematically, this is expressed as
the search for the time evolution of the single distribution
function f ðr; p; tÞ satisfying the Boltzmann equation. In the
Boltzmann approach, this function is dependent on the col-
lision integral applied to short-range interaction between
molecules. By contrast, our time evolution Eq. (20) is deter-
mined by a pair-potential which is not necessarily a short
range. One could say that our solution for the single particle
distribution is more general than any prospective solution –
if it exists, or eventually discovered – without approxima-
tions. Thus our approach is an alternative to the so-far
unrealized solutions of the Boltzmann equation.
(2) On the matter of solutions to the Navier–Stokes equation, we
can also say that our proposed solutions are indeed exact
and more general because they are valid for arbitrary initial
data. The boundary conditions introduced by Eq. (2) contains
space integrals dependent on geometry of the system.
Specific applications are dependent on the geometry of the
physical applications, of which there will be many.
For the above two reasons, we venture to suggest that our time
evolution equations cover both problems of the Boltzmann equa-
tion and the Navier–Stokes equation. Our time evolution equations
may well be a useful alternative to these two formulations. Indeed
it would be very productive if numerous applications of the old
Boltzmann equation and Navier–Stokes equation are reformulated
with our time evolution approach, a challenging opportunity we
hope to address in future work.
(3) We next tackle the sixth problem of Hilbert. Hilbert’s sixth
problem on the mathematical basis of quantum mechanics
and hydrodynamics consists of two parts, the axiomatiza-
tion of quantum mechanics and hydrodynamics, which we
quote from Hilbert [10]:6. Mathematical Treatment of the Axioms of Physics. The inves-
tigations on the foundations of geometry suggest the problem: To
treat in the same manner, by means of axioms, those physical
sciences in which already today mathematics plays an important
part; in the first rank are the theory of probabilities and mechanics.
‘‘As to the axioms of the theory of probabilities, it seems to me
desirable that their logical investigation should be accompanied
by a rigorous and satisfactory development of the method of
mean values in mathematical physics, and in particular in the
kinetic theory of gases. ... Boltzmann’s work on the principles
of mechanics suggests the problem of developing mathemati-
cally the limiting processes, there merely indicated, which lead
from the atomistic view to the laws of motion of continua.”
The first part, quantum mechanics, is now considered solved
[11]. We cannot say the same for hydrodynamics, the second part
[12]. However, by bypassing the Boltzmann equation, our formal-
ism in this paper seems to address the second part, as remarked
by Mark Arend, advancing our solution for the hydrodynamic vari-
ables as a partial response to Hilbert’s sixth problem. Going beyond
Hilbert, to complete the fundamental basis for hydrodynamics, we
must also include explanations for transport coefficients like vis-
cosity, diffusion coefficient and thermal conductivity, which we
have mentioned already sometime ago in Muriel and Dresden
[5]. Curiously, Hilbert did not specifically include turbulence as a
fundamental problem in hydrodynamics. Given that we have dis-
couraged the Navier–Stokes equation hope for the origin of turbu-
lence, we must still find an explanation for it. In keeping with our
earlier suggestions on the quantum origin of turbulence [6,7], we
propose that turbulence will be addressed by returning to the first
part of Hilbert’s sixth problem. We have already started this
program by invoking quantum mechanics to explain the origin of
turbulence [9]. This might be done by the quantum analog of our
time evolution equations [13] presented in this work. When this
is done to everyone’s satisfaction, we can then assert that Hilbert’s
sixth problem will have been completely solved.
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